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• field quantization

• coherent state
• real laser
• generation of high power light beams
• relevance of quantum uncertainty
• modification of the quantum uncertainty by light 

matter interaction
• quantum dynamics & Wigner flow
• effect of losses
• designing material  with high nonlinear coefficient
• quantum metrology with high power laser
• nonlinear optics with squeezed vacuum
• the quantum vacuum

pre view
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à q2 has dimension energy

Maxwell‘s equations
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Transverse mode pattern in lasers

à invariant under proagation
à invariant under Fourier transformation
à rotationally symmetric Wigner function

Hermite Gaussian
functions

zero requires negative 
values of pr(P)
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Equation describing
temporal evolution

à Harmonic oscillator

excitation of mode

(b) à

abstra
ct

phase

space
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-
amplitude & phase measurement

q1

q2

q2'

q1'

I2

I1 I2 – I1

𝑞34 = ⁄𝑞3 − 𝑞1 2
𝑞14 = ⁄𝑞3 + 𝑞1 2

I1 ∝ ⁄𝑞34 1 = 𝑞3 1 + 𝑞1 1 − 𝑞3𝑞1∗ − 𝑞1𝑞3∗ 2

I2 ∝ ⁄𝑞14 1 = 𝑞3 1 + 𝑞1 1 + 𝑞3𝑞1∗ + 𝑞1𝑞3∗ 2

I2 −I1 ∝ 2 ; ℜ𝔢 𝑞3𝑞1∗

If q1=0  à 𝐼1 −𝐼3 = 0

But experiment shows noise:

time

I2 −I1
𝑞3 = 0
𝑞1 ≠ 0

𝑞3 = 0
𝑞1 = 0

electronic 
noise

noise of
the light

homo-
dyning

àobviously:
𝑞3 = 0 and 𝑞31 ≠ 0

Measurement of 𝑞 and �̇� with homodyning

signal

local
oscillator
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dark

quantum state reconstruction of the vacuum state (zero-photon Fock state)
A I Lvovsky et al., Phys. Rev. Lett. 87, 050402 (2001)

�̇�

q

phase
space

local
oscillator

𝜑
Measure for different 𝜑
and reconstruct Wigner 
function, e.g. by Radon 
transformation

projection

signal beam

q

Homodyning à projection of
phase space distribution

onto “𝜑“ 
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experiment

light source
l.o

.

-
Δ𝑞B

light source

Δ𝑞C • distributions  𝑃 𝑞 , 𝑃 �̇�

• minimum area in phase space

• for laser:    symmetric

Ø 𝑃 𝑞 dependent on 𝑃 �̇�

Δ𝑞B

𝑊 𝑞, �̇�

projection of 𝑊 𝑞, �̇�
onto 𝑞 0 - axis

𝑞 0 - value
projection of 𝑝𝑜𝑖𝑛𝑡
onto 𝑞 0 - axis
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abstract phase space where excitation “lives“
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light source

Δ𝑞C

quantitative result:

He Ne laser of 1mW

root mean square
power fluctuations in 
radio frequency band of
1 MHz:

𝟐. 𝟓 ; 𝟏𝟎R𝟖 Watt

same for phase .....

p is conjugate to variable q

à 𝑝 ~ �̇�

𝑝 ≡ −𝑖
𝜕
𝜕𝑞

�̇�
𝜔
≈ 0.5 ; 10RZ[ 𝐽𝑠 𝜔𝑝

ℏ
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eigen functions

eigen values
field operators

_𝑎| ⟩𝑛 = 𝑛 | ⟩𝑛 − 1

_𝑎c| ⟩𝑛 = 𝑛 + 1 | ⟩𝑛 + 1

| ⟩𝑛

interestingly enough:

eigen functions the same as for

laser modes !!!

d𝑆 = ℏ𝜔 _𝑎c _𝑎 +
1
2
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field operators
_𝑎| ⟩𝑛 = 𝑛 | ⟩𝑛 − 1
_𝑎c| ⟩𝑛 = 𝑛 + 1 | ⟩𝑛 + 1

_𝑎c _𝑎| ⟩𝑛 = 𝑛 | ⟩𝑛
_𝑎 _𝑎c| ⟩𝑛 = (𝑛 + 1) | ⟩𝑛

_𝑎, _𝑎c = _𝑎 _𝑎c- _𝑎c _𝑎 = h1

| ⟩𝑛 , 𝑛 = 0, 1, 2, …
ortho-normal
basis of Hilbert space

eigen functions of _𝑎 ? 

_𝑎 j
klm

n

𝑐k| ⟩𝑛 = 𝛼j
klm

n

𝑐k| ⟩𝑛 ≡ 𝛼| ⟩𝛼
?

| ⟩𝛼 =𝑒R ⁄r s 1j
klm

n
𝛼k

𝑛!
| ⟩𝑛

eigen functions of _𝑎c? 

_𝑎cj
klm

n

𝑐k| ⟩𝑛 = 𝛽j
klm

n

𝑐k| ⟩𝑛 ≡ 𝛽| ⟩𝛽
?

coherent state
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end  of introductory part
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coherent state

namplitude =

X

P

phase space diagram for light field

q, p - mean has continuous spectrum
- variances obey uncertainty relation

à q, p are non-commuting operators,

phase

field uncertainty
=1              ß independent of amplitude !!!

equal and
minimum
uncertainty
of X and P:
coherent state
à laser

_𝑞 = ⁄_𝑎 + _𝑎c 2
�̂� = ⁄_𝑎 − _𝑎c 2𝑖

𝑛 = 𝑛 + ∆𝑛
= 𝑞 + ∆𝑞 1

= 𝑞 1 + 2 𝑞 ∆𝑞 + ∆𝑞 1

= 𝑛 + 𝑛 ; 2∆𝑞 + ⁄1 4

∆𝑛 1 = 𝑛
Poisson statistics

q

p

∆𝑞 1 =
1
4
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real laser

phase
diffusion
>> temporal 

evolution

uncertainty
>> stationary

technical
amplitude and
phase noise
>> fluctuations
in time

if measurement time interval
short enough
>>>  coherent state

short enough:

à shorter than time constant of
fluctuation and phase diffusion
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generation of high power light beams

laser resonator emitting high power

( & injection locking with seed laser)

amplification of laser radiation

coherent combination

phase insensitive

phase sensitive 

+ + ...  à
The standard quantum limit of coherent beam 
combining C.R. Müller, F. Sedlmeir, V.O. Martynov et al.
New J. Phys. 21, 093047 (2019)

p

q

qqq

p p p

p

q

q

q

p

p
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Relevance of quantum uncertainty

pure state versus mixed state

à quantum uncertainty :

à thermal noise :

measurement

measurement
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modification of the quantum uncertainty by light matter interaction
example Kerr effect

à quantum nonlinear
Schrödinger
equation

G.M. Lando et al.
arXiv:1809.04139v2 

(2019)
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Quantum dynamics & Wigner flow
P. Yang, I.F. Valtierra, A.B. Klimov, S.-T. Wu, R.-K. Lee, L.L. 
Sánchez-Soto and G. Leuchs, Phys. Scr. 94, 044001 (2019)

Wigner flow on the sphere
... the SU(2) Wigner function under
nonlinear Kerr evolution

𝜕𝑓 𝑞, 𝑝|𝑡
𝜕𝑡

= −∇ ; J 𝑞, 𝑝|𝑡
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effect of losses
A.O. Caldeira and A.J. Leggett, 
Phys. Rev. A 31, 1057 (1985)

if energy decays as 𝑒R|,

then quantum states
containing n photons
decay as 𝑒Rk|

G. Leuchs, U.L. Andersen
Laser Physics 15, 129 (2005)

ß formula compatible

q

qvac

q𝜂
signal

vacuum

𝜂

loss
modelled by

beam splitter

See: Bogolyubov transformation

_𝑎 → _𝑎� = 𝜂 _𝑎 + 1 − 𝜂 _𝑎���

∆𝑞�1 = 𝜂 ∆𝑞1 +
1 − 𝜂
4
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designing material  with high nonlinear coefficient
Tellurite TeO2-WO3-La2O3 (TWL) glasses 
have a non-linear refractive index 
n2 ∼ 20 times higher than fused silica

E.A. Anashkina , M.Y. Koptev, A.V. Andrianov et al., 
J. Lightwave Techn. 37, 4375 (2019)

goal à high nonlinearity & low loss

special case: permittivity close to zero: 
“epsilon near zero (ENZ) material“ 

Non-perturbative regime

𝑛 = 𝑛m1 + 2𝑛m𝑛1

1

2



XIX Нелинейные Волны Школа - Бор - 02 Марта 2020 23

quantum metrology with high power laser

gravitational waves

(interference)

LIGO

vacuum

squeezed vacuum

improves sensitivity !
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quantum metrology with high power laser

gravitational waves

(interference)

LIGO

vacuum

squeezed vacuum

improves sensitivity !
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Multiphoton Effects Enhanced due 
to large Photon-Number Uncertainty

nonlinear optics with squeezed vacuum
K.Yu. Spasibko, D.A. Kopylov, V.L. Krutyanskiy, 

T.V. Murzina, G. Leuchs, M.V. Chekhova, 
Phys. Rev. Lett. 119, 223603 (2017)  

X

P phase space
squeezing

thermal statistics

squeezed light statistics
𝑔 k = 𝑛!

𝑔 k = 2𝑛 − 1 !!
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the quantum vacuum

the quantum vacuum as a dielectric-diamagnetic medium

G. Leuchs, M. Hawton, L.L. Sánchez-Soto, 
Physics 2, 14 (2020)  (mdpi)

�̇�

q

phase
space

e-

e+

e-

e+

e-

e+

????

speculative
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• field quantization

• coherent state
• real laser
• generation of high power light beams
• relevance of quantum uncertainty
• modification of the quantum uncertainty by light 

matter interaction
• quantum dynamics & Wigner flow
• effect of losses
• designing material  with high nonlinear coefficient
• quantum metrology with high power laser
• nonlinear optics with squeezed vacuum
• the quantum vacuum

post view
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